ABSTRACT. A general path-lifting theorem, which fails in the context of topological spaces, is shown to hold for toposes, for locales (a slight generalization of topological spaces), and hence for complete separable metric spaces. This result generalizes the known fact that any connected locally connected topos (respectively complete separable metric space) is path-connected.
In [MW] we proved that every connected locally connected topos E is pathconnected, in the sense that the canonical map (1) e-E XS E
given by the inclusion of the endpoints {O, 1} C I is a surjection (actually, we showed it to be an open surjection). Here I, the unit interval, is identified with the topos of sheaves on I, and 7 is the "path-space" of 6, i.e. there is an equivalence Homs (7, I) Homrs (7x s I, 6) of categories of geometric morphisms over the base topos S, which is natural in ;F. The aim of this note is to point out that a much stronger result can in fact f be proved. Let Z f E be a connected locally connected map of toposes, i.e. Z is connected and locally connected as an e-topos (intuitively, the fibers of f are connected and locally connected). We will prove that for every path a in 7 and points Yo,Yi of Z with f(yo) = a&(O), f(yi) = a&(1), there exists a lifting 3 E 7T of a with 3(i) = yi. More precisely, if we form the topos 6I x(EX,E) (7 xs 7) of such triples (ce, Yo, Yi) by pulling back Z x5s Z E x5 E? along the map in (1), then the result can be stated as follows. f THEOREM 1. Let r f E be a connected locally connected map of toposes. Then the canonical map 7,-EI x(EX,) 0, Xs 7)
given by the map -I -6' induced by f, and FI -? 7 xS 37 as in (1), is a stable surjection.
For the special case of spatial toposes, or equivalently, for the case of spaces (in the generalized sense of e.g. [JT] , otherwise known as locales!) we can do slightly better. is an open surjection.
PRELIMINARIES, NOTATIONAL CONVENTIONS. This note is written as a sequel to [MW] , and we assume that the reader is familiar with that paper. All the basic results and the notation that we use here can be found in ?1 of [MW] . PROOF. This is really a special case of Lemma 2.5 from [M] . But it can also be proved directly, by starting with a molecular presentation of Y, where Y is considered as an internal space in Sh(P). 0
REMARK. Intuitively, the elements of Q are the opens of Y all of whose nonempty fibers are connected. Clearly, we cannot assume that Q is closed under unions of chains, i.e. we need not have (U, U' E Q) and Pos(UAU') => (UVU' E Q).
It is easy to see, however, that when Q comes from a molecular presentation of Y in Sh(P), it has the following property. After this rather tedious part of the proof, we can finish quite straightforwardly, just as in [MW] . By Lemma C of ?1.6 of that paper, there is an open surjection 9 -5 S in which the tree T has an infinite branch. We replace S by 9, and work in g with this fixed branch: This completes the proof of Lemma 1.1.
